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A GAME THEORETIC APPROACH - EVASION PROBLEM FOR A LINEAR SY§TEM WITH
INTEGRAL CONSTRAINTS IMPOSED ON THE PLAYER CONTROL

A.M, SOLOMATIN

A differential approach-~evasion game with integral constraints imposed on
the player controls is considered. A positional strategy is proposed,
supplying a solution to the approach problem, and conditions are given under
which the set of programmed absorption has the property of stability.
Differential games of this type were first studied in /1, 2/ where
the pursuit-evasion problem was considered for single type systems, and
auxiliary constructions were proposed for use as a basis in constructing
a positional strateqgy in the form of the strategies of external aiming.
Stable bridges of programmed absbrption /3/ for linear, generally speaking,
non-single type objects, were considered, and the construction of strategies
extremal with respect to these bridges were demonstrated. A solution of
the problem of approach in the class of positional procedures of control
with a guide was proposed in /4/. It should be noted that the guestion
of whether it is possible to construct resolving positional strategies in
differential games with integral constraints, remains open.
The present paper is related to the investigations described in /1—8/.

1. Let a motion of a conflict-controlled system be described by the equation
Lr—AMz+BOu+CHv, 1S[ted) z(t)=2 (1.1

Here z is an n-dimensional phase vector of the system, u and v are the controls of the
first and second player respectively and represent the elements of the space RF, and RY 4 (1),
B (t),C (t) are matrices of the corresponding dimensions depending continuously on t.

We assume that the player controls satisfy the following constraints

k4 9
e e dr <pot §iiv[r}r£2dr<«2

1
and write
t

aftle=pe - Jult)Pdr, )=l Slll’[f]!l”dT (1.2)

We assume that every player knows the current position of the game . (n -+ 3)-dimensional vector
{t, 2, [1], z. [2], = [2]).

The problem facing the first player is that of choosing the contrel u which ensures that
the point z[{®]) = (z; [8], 2, [#], x [0]) arrives at the set M* = {z: 2 = (3,2, %), 2. > 0, 2, > 0, z & M},
Here M is a convex compactum belonging to R".

2, Let us list the necessary concepts and notation. We denote by Ui, .,, Vi, ., RGy the
sets defined by the relations

n+e

(43 ={z: z—(Zp Zas .‘I‘); 2; = >0 e2>0:xERn}
Ut*,z*={u(-):u«)ewr*,m,g bu (|2 dr <z
*

b4
Vin={p():0() S Lalta 03§ [0 (0) P dr < 2.}

Here t, < [t,, 8], z, &= RS’ We use the symbol
Z{t [ S »n (t* & {tm ﬁ]
e E R(+)» t & [, '&»] Uy (e Vt., z4)
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to denote the set of points
2= (21 (¢), 2 (), 2 (1)

where
t t
at)=z.— [a@Pdn za@)=z2— [v(7)[2dr (2.1)
ix tx
t
zl)=X[tt,]z, +§ X[t 1] (B(D)u@) +Cm)v(t)dr
e
Here X [¢,7t] is the fundamental matrix of system (1.1), u(1) (t& [¢,,®]) denote all

possible functions of U,

% T

Definition 2.1. We shall call the system of sets (W (t): W (t) = R%Y, t & [to, B8]} a u-stable
bridge if the following conditions hold:

1) W@ = Mm*
2) the relation

Z (t*: t‘y Zgy Uy ()) ﬂ w (t*) # Q’

holds for any instant of time ?, and t* from [t,, ®] (¢, << t*), any point 1z, < W (t,) and any func-
tion v, (:) E Vi, 2, .

We will use the symbols T° T, (k> 0) to denote the mappings of the set of all subsets
of the space R{'{.’,2 into itself, defined by the relations

T°(G)=‘g°560n, Th(G)=2*[éJGZ(z*); G REY

Here ¢oG, is the closure of the convex shell /7/ of the set Ghn={212=G, z, =0}, Z (z*) =
{Za*<zu<<h 0oy 2*, r=2%. Let {W(t): t=[t, 8]} be a u-stable bridge.
Assertion 2.1. The systems of sets
{T° (W @): € [t 8]), {Tn (W (@): t = [t 8]) (B> 0)

are u-stable bridges.
Below we shall assume that the folloiwng relation holds for the u-stable bridges in gques-

crons W) =W0 (¢t 8)
and, that we can find k> u,® such that the relation
Th (W@) =W () (te ()
holds. We also assume that the following assumptions hold.
Assumption A. The inequalities

i*

Cl1va st pde >0 i=1,2

where
Hy[t*, 7] = X [t*, 7] B (v)
Hy[t*, 7] = X [t*, 7] C (1)
held for any unit vector I (! & R", ||I}] = 1) and any instant of time ¢, and * from [ty 9] (¢, <<t*).

Assumption B. A constant a >0 exists such, that for every instant of time T from [£os O]
and any unit vector n = (n, 0, np) of the outer normal to the set Wy (t) M >0, Wy (t) %= &), the
inequality n < —a
holds at the point z(ze& W (1), 2, >0). Here the symbol W denotes the boundary of the set W.

Lemma 2.1. A constant L >0 exists such, that for any instants of time f,and (* (¢, << t*)
from [t,, 4], any point z, belonging to W (¢,) and any function v, (-)= Vi, ., a function u ()&
U.,,:, can be found such that

o
Slu@ipdr <L —t,)
tx
and the inclusion
(8% by, 3, u (), v () EW (t*)

holds. Here z (t*: t,,z,: u (-), v (-)) = (3, (t*), z, (t*), z (t*)) is given by equations (2.1).



403

3. Definition 3.1. We define as the admissible positional strategy U of the first player,
the mapping U(t,z) = w,,(-) ©of the positional space (t,z) (t & [t,, #], z & R} onto the set U, ,.
We denote by TI'= {13ty =1, <1, <<...<7, =%} an arbitrary partition of the interval
[t 8]
Definition 3.2. We shall call the Euler polygonal line yr[t] = yr[t: to, yo, U, v[-]] cor-
responding to the positional strategy U of the first player, and generated by the partition
I' and realization of the control v[-] of the second player (v[-]& Vi, ,), the solution of
the set of equations

L= — U (W) s o zr=— o[

2 zp= AWM 2r+ BOU (0 33) + C (O[]

el n=yu (=01,....9, t<[t, 1l
E=0,1,....5—1), ¥r(t) =¥o ¥ = (o, 2 2)

Definition 3.3. We shall call the function z[t] = z[t: t,, ye, U] the motion of (1.1) cor-
responding to the admissible strategy of the first player and emerging from the initial point
Yo = (Me®, Vo2, ) at the initial instant 1, provided that a sequence of Euler polygonal lines

Yran [ =y [£: to (B vods 2 Us i [-1] (k=1.2,...)

can be found, satisfying the conditions
Ty —> Zoy max (Tiy—7T;)—0,
Ty Tip ) ED(K)
max []zr(k) [t]—=:c[t] "—PO (k-—> oo)
tets, 81 .
The existence of the motions follows from Arzela's theorem /8/, since the set of functions
{zray [']} is uniformly equibounded and equicontinuous.
Let the position (t,,2,) satisfy the conditions

t €[t 8], 2. S (RPN W (1)), W, (t)+* @.
G\F={z:26z1&F)

We consider the point z*defined by the relation

lz4 —2*|= min [z, —z]
EW,, (%)
Since the set W,, (t,) is convex, we have the relation z, —z* = n*||z, — z*||; here n* =
(m*, 0, n*) represents a suitable unit vector of the outer normal to the set W,,, (ts) at the
point z%,
Let us obtain the vector u, (t,,z,) = u, from the relation

—Jul?
min n* f(te 2, 8 V) =R f (s 20e Uye V) F(th 2 0, 0) = —lvi?
uer? Az, + Bt)u+Cty)v

It can be shown that
u,’ = n*-B(t,)/n,*

By virtue of the assumption B a constant K (K>>0), can be found such that the following
inequality holds for any (I, Ze«) (tx = [to» 0], 2¢ € {RGr \ W (L), 2 > 0, W= oy :

g (e, 20) | < K
Definition 3.4. We shall mean by the admissible extremal strategy U® of the first player,
the following mapping U® = y, , (:):

1) if z= W (t), then
Ug, 2 =0 (e [t’ﬁl)

2) if zeE W (), W, (}) % ¢, then
By(tzhni—|up (B )P (r—1) >0
u, 2 (1) = P
02— a6 o) P (r—1 <0
(t=|t, 0]
3) if z@E& W (), W,(t) = ¢, then
U, (=0 ([, 98)
Theorem 3.1. 1If the initial state of the game is such that the point y, = (B, vo%, z,) lies
within the set W (), the extremal strategy U® will bring any motion z[t] = z[t: to, y,, U®]
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to the target set M at the instant ©.
The proof of the theorem is based on the estimation of the distance between the Euler
polygonal line and u-stable bridge {W (f): t& [¢,®]} in a Euclidean metric.
We will show that the Euler polygonal line generated by the partition I of the interval
{ts» 8] and the realization of the control v[-] of the second player (v[-]€ Vi, s w, )
satisfies one of the following inequalities:

ez [ <y ° "
elar [O1] < v max | X9 el +(§ I B0 vl *dr)” (K7 max (sin— )+ )

s T EL

where .
e[z,] = min||z, —m}
meM
y=I[lz —zll* + (& — £,) o] exp [B (& — ¢,)]
p=2 max |AQ@)], o= max o@(Tiy— Ti)
t=[te, €1 Ty G el
® (0) is a function continuous near O, and lim ¢ (§) = 0 (6 — 0).
4. Let us introduce a new phase vector zM connected with the vector z by the relation
D = X [0, t]z (4.1)

It can be shown that in the new variables the differential equation (l1.l1l) will have the
form d
-Ez“):X[ﬂ.t]B(t)u-}—X[ﬁ'.t]C(t)v (4.2)
te= [t 8], = (t,) = X [8, t] % ‘

Since X[0,0] = E, it follows that the set M* must be the target set for system (4.2).
Relabelling the matrices X [#, ] B (¢),X [®, ] C (f), and the vector z® as B (t),C (t) and z re-
spectively, we obtain the initial system (1.1) where A (f) = 0 (t & [t 3D

We shall assume in subsequent discussions that the set M is defined by the relation

M={zze R |zll<d} [@d=0).

Let the following condition C hold: for any instants of time ¢, and * (¢, <, <<t* {9),

and any vector l(l= R" |[!ll =1), the matrix functions C (-), B (-) satisfy the inequality

tdr

.

o b ] 1/:"
[ ie@par] " ir@pa< [§prcwpa] S ies

l/l
t
Theorem 4.1. A system of sets {W (&: &, M*): t = [¢t,, ®]} is the maximum u-stable bridge for

the set M*. Here

Wt: &, M*y = {z: z = (p},v%, 2), p>0, v=0, z & Rr
e e 2 1,

max [—p(§jrB@par)” o (§1rcmpar)” + ] <d

t

1=R™, Wii=1

Its proof is based on the following lemma.

Lemma 4.1. Let n=p =g =1 and let the function C (-), B (-) satisfy at any instants of
time t, and * (¢, < t, < t* {¥) the inequality

? ? o #
l/’ l/2

[S C? (1) dr] S B (t)dt > [S C2 (1) dr} g B2(t)dt
e i 1% tx

Then the system of sets {W (t: &, M*): ¢t = [t,, #]} will be a maximum u-stable bridge for the
set AM*,

The proof of the lemma is based on the proof of the relation

W (* B M* YN {Z (" Ly 2y Ve (NPT Z(I* 1 tys 24 Vo (N F=

for any instants t,and t* ({, <{t, <t* <?®), anypoint z, (z, =W (t,: &, M*))and an arbitrary
function w, (-) (W, (*) & Vy,,,)-

Here riZ denotes the relative interior /7/ of the set Z. The maximum property follows from
the fact that W (t: ¢, M*) is the set of programmed absorption /3/ for M*in the time interval [¢, B].

Condition C has the property of sufficiency, since if B (t) = const, C (t) = const, then we
know that the system of sets {W (t: &, M*):¢t = [t,, 9]} is a maximum u-stable bridge /3/ although
condition C is clearly not satisfied.

Example. Let the dynamics of the controlled system be described by the equation
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N1=Ya Yo=Y Ps=7V1y Y=y F1=u, H=1Uu (4.3)

tety, 81, v [l =95 z’.[lo]=zj° (i=1,...,47=12

Here y = (y,, y;) are the coordinates of the material point m®, (y;, v,) are the velocity com-
ponents of this point, v=(y,y,) is the control applied to the inertial point m®, 1 = (z,, z,) are
the coordinates of the inertialess point m®® which is controlled by the choice of the veloc-
ity u = (4, u). The player with control u must succeed in ensuring that the inequality

[zl —y[8li<d@>0)

holds at the instant @ whatever the method of control v. The following constraints are im-
posed on the realizations of player controls wl-l,vl]:

Pag PPt Y-

o
fulrPar<pe, (polt]Pdr<ve
1
Using the transformation (4.1) we change to the new variables
nt=yp g+ G-ty n=p—au+®—9y
whose variations are described by the equations

d d
=@ —tun—m, Far=0BF—v—u 4.4)
¥ (4] = y1° — 21° + (& —to) ¥5°y  22° [to] == 4o° — 2.° 4 (& — o) ¥°
It is clear that the following relation holds:
fz Bl =1y [8] ~z[B] | z* = (@, =*).

It can be confirmed that system (4.4), equivalent to system (4.3), satisfies condition C.
In conclusion we note, that the system of sets {(W(t: & M*):te=lt, 0 -6} O<b<P— 1ty
from Theorem 4.1 satisfies assumption B.
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